Abstract: This is a review article on mirror symmetry and aspects of it related to the theory of modular forms. We describe this topic along its historical development and connect to some more recent results toward the end. The article is for publication in a special issue of ICCM Notices.
Introduction
The subject of mirror symmetry began with the discovery of an equivalence between two superconformal field theories [1] and was later shown to have a vast impact on enumerative geometry of Calabi-Yau manifolds [2] . By now, the subject has evolved into a flourishing field of its own combining numerous topics in theoretical physics and mathematics. This review article aims to provide a short overview over aspects of mirror symmetry related to the theory of modular forms. In our exposition we will be following mainly the work of S.-T. Yau and collaborators who have provided important contributions to this sub-field of mirror symmetry.
To begin with, we note that mirror symmetry is the equivalence of two Calabi-Yau manifolds M and M such that the complex structure of one manifold is exchanged with the Kähler structure of the other and vice versa. Denoting the complex structure parameters of one space (usually we take this space to be M ) by z i , i = 1, . . . , h dim C M −1,1 (M ), and the complexified Kähler parameters of the mirror manifold by t i , i = 1, . . . , h 1,1 ( M ), there is a mirror map t( z) relating the two t t( z) ←→ z .
(1.1)
Another ingredient of mirror symmetry originating in physics is the so called topological string theory. Here we subdivide two constructions, namely the topological A model and the topological B model. Roughly speaking, in the A model one studies configurations of holomorphic maps from a genus g Riemann surface to a Calabi-Yau manifold, whereas the B model deals with constant maps. When the Riemann surface has no boundaries, one speaks of the closed topological string, otherwise one is dealing with the open topological string. Furthermore, one shows that correlation functions of the A model only depend on the symplectic or Kähler structure of the Calabi-Yau, whereas those of the B model only depend on complex structures. One then defines partition functions of these theories denoted by Z top A and Z top B which depend on the moduli and the topological string coupling constant λ which keeps track of the genus of the Riemann surface appearing in the definition of the models described above. The mirror map (1.1) then relates the two partition functions [3] .
Mathematically, the topological A model partition function encodes Gromov-Witten generating functions. To extract them, we have to rewrite the closed topological string partition function in terms of free energies F g as follows 2) where the F g themselves admit at large Kähler structure in the moduli space an expansion of the form 1
3)
In the above formula, the numbers N g d
are rational numbers known as Gromov-Witten invariants associated to holomorphic curves of genus g and degree d i , i = 1, . . . , h 1,1 ( M , Z), with respect to generators of the Kähler cone. In the following, we want to understand under what circumstances the functions F g and the mirror map can be expanded in terms of modular forms and functions. By modular we mean here modularity with respect to the group SL(2, Z) and its subgroups, although in Section 5.2 we will be encountering a case where the modular group is Sp(2, Z). That is, we will be identifying a distinguished modulus t (or several distinguished moduli in the case of Sp(2, Z)) whose modular transformations are symmetries of the topological string free energies. The results we review are mainly derived in the context of the genus 0 free energies F 0 but most of the emerging structure can be carried over to the higher genus case. Such modularity properties are very important from the computational point of view, as they allow to solve for the F g much more efficiently due to the finite basis properties of rings of modular forms. Also, results in these directions have great importance for number theory as the free energies are conjectured to admit expansions with integral coefficients [4] . The organization of this article is as follows. We will start along the historical path modularity showed up in mirror symmetry, namely in terms of solutions of differential equations. Such differential equations are known as Picard-Fuchs equations and they have played a prominent role in the development of mirror symmetry. We will be reviewing the cases of the elliptic curve, the K3 surface and the Quintic Calabi-Yau manifold in Sections 2, 3, 4, before proceeding to the more complex cases of elliptic fibrations in Section 5. The structure encountered in the study of elliptic fibrations then motivates us to shift gears and take a new look at the elliptic curve in Section 5.1 by studying it from the perspective of homological mirror symmetry of Kontsevich [5] . We then proceed in Section 5.2 to the case of a non-compact Calabi-Yau threefold admitting two elliptic fibrations and connect to previous results.
Elliptic Curve
Let us first review mirror symmetry for elliptic curves where we will be following reference [6] . Here M = E τ is an elliptic curve with modular parameter τ and M = E t is the torus R 2 /(Z ⊕ Z) with complexified Kähler parameter t = iA + b, where A is the area and b defines a class in H 2 ( M ; R)/H 2 ( M ; Z). The mirror map is
To be more specific, consider an explicit realization of E τ as the family of cubic curves in
Using Nagell's algorithm [7] one can bring the above curve into Weierstrass form:
where
From this form one can read off the discriminant of the curve
Next, we consider the period of the holomorphic 1-form dx y along a homology cycle Γ:
One can then show that as a function of s, ω Γ satisfies the second order ODE given by
Performing the change of coordinates s → z = s −3 , equation (2.7) transforms into the following hypergeometric equation
where θ = z∂ z . This equation is characterized by having regular singularities at z = 0, 1/3 3 , ∞. The mirror coordinate t is then defined by taking the ratio of two periods ω Γ , ambient space constraint Picard-Fuchs operator 
The corresponding hypersurface and Picard-Fuchs equations are summarized in Table 1 . There exists a more unified approach for dealing with the Picard-Fuchs operator in the case of elliptic curves which we shall briefly describe here. The first step is to perform the following change of coordinates s → J = , and write ω Γ as
As this equation is derived without the use of the explicit form of g 2 and g 3 , it is universally applicable to elliptic curves even beyond the case of the cubic in P 2 . This means that if we start from any other model for an elliptic curve, we will still arrive at the same equation (2.10). Solving this equation and taking again ratios of two periods we obtain the mirror coordinate t as a function of J. The differential equation governing the dependence between the two variables is the Schwarzian equation:
Here {z, x} denotes the Schwarzian derivative . Inverting the function t(J) we obtain the mirror map J(t). Performing all steps one arrives, with a suitable choice of period ratio t, at the following well-known expression for the J-function of elliptic curves
This form makes the invariance under modular SL(2, Z) transformations of t manifest. In order to obtain the individual mirror maps for various elliptic curves, one has to substitute in the function t(J) the function J → J(z) with z being the complex structure parameter of the curve. This can be done by using the explicit form of g 2 and ∆. We summarize the functional dependence on z for elliptic curves which are realized as hypersurfaces in weighted projective spaces P 2 (1, 1, 1), P 2 (1, 1, 2) and P 2 (1, 2, 3) in Table 2 .
Ksurface
Let us consider the following one-parameter family of quartic hypersurfaces in P 3 : Table 2 : The j-functions for various elliptic curves embedding in weighted projective spaces.
The period of a holomorphic 2-form along a homology 2-cycle Γ i in X s is given by
where γ is a small cycle in P 4−1 , Γ i ∈ H 2 (X s ) and the measure is
The corresponding Picard-Fuchs operator annihilating the periods ω i is of the form [8]
By the Frobenius method, a basis of solutions is given by
If we take q = e 2πit , then the mirror map is given by the q-series obtained by inverting the relation
Now one can ask whether there are corresponding Schwarzian equations and modularity properties similar to the elliptic curve case. It turns out that indeed such properties do exist, as shown in [8] and as we will review in the following for the general setting. For a general one-parameter family of K3 surfaces the corresponding Picard-Fuchs operator is given by
where λ and ν are arbitrary complex numbers 2 . From the classical theory of Schwarzian equations, it follows that the mirror map z(q) corresponding to the Picard-Fuchs operator (3.7) is a solution to 2Qz 2 + {z, t} = 0, (3.8)
On the other hand, it is known that the unique power series solution with leading term 1 + O(z) to the differential operator L is the hypergeometric function 3 F 2 ( 10) and thus vanishes due to the Schwarzian equation. Combining all statements, one arrives at the following identity [8]
Coming back to our example (3.7), the assignments are (λ, ν) = (2 8 , 2 −2 ) and the left-hand side of (3.11) is a weight 4 modular form of the genus zero group Γ 0 (2)+, while z(t) is its respective Hauptmodul. Similarly, for the cases (λ, ν) = (2 2 3 3 , 2 −1 3 −1 ) and (λ, ν) = (2 6 , 0) one obtains the Hauptmoduls for the groups Γ 0 (3)+ and Γ 0 (4)+ respectively.
Quintic threefold
Mirror symmetry for the quintic hypersurface in P 4 was first studied in the famous work [2] . We will review certain features of the construction here. Let us start with the hypersurface constraint which is given by the following equation:
Performing the variable change z = A basis of solutions is specified by
The mirror map is defined as follows
and its inversion is given by the expansion
The special geometry prepotential F 0 of the Calabi-Yau three-fold is then determined by a particular linear combination of the periods ω i involving the triply-logarithmic solution ω 3
as for example reviewed in [9] . Inserting the mirror map then gives the instanton expansion of the prepotential as follows
In the above, κ denotes the triple-intersection number of the Fermat Quintic, while a, c and e are special topolotical constants of the manifold. We have
where in the above, H denotes the hyperplane class of the Fermat Quintic and i is the embedding map. Similar results can be obtained for a wide class of hypersurfaces and complete intersections in weighted projective space [10, 11] . What is lacking in the case of the quintic as compared to the previous cases is a modularity structure for the periods. This is indeed not clear at the moment and remains one of the central questions in the realm of the Quintic mirror symmetry. It would be desirable to show how such modularity properties can arise and to what extent they can be used to solve mirror symmetry completely. For some progress along these directions see [12] . However, one does find modular properties of periods for another class of compact Calabi-Yau threefolds, namely for the class of elliptic fibrations to which we turn our attention in the following section.
Elliptic Fibrations
In this section we want to focus on novel features of periods and mirror maps in the case of elliptic fibrations giving rise to modular properties. We shall review these properties in the light of the work [13] . This paper studies Calabi-Yau n-folds X which are elliptic fibrations over P n−1 . The corresponding Picard-Fuchs operators are given by
where n, a 0 , a 1 , a 2 are parameters of the system. The relevant cases to String Theory are the cases n = 3, 4 and (a 0 , a 1 , a 2 ) as in Table 3 . If we define
, with θ i = z i ∂ z i , to be the differential left ideal generated by the operators L 1 and L 2 , the L n annihilates the periods of a (n, 0)-form ω (n,0) of the mirror Calabi-Yau manifold X z . The system L n has one holomorphic solution Π 0 = O(1) and logarithmic solutions One central ingredient in the observations of [13] is the field M n of differential CalabiYau modular forms which is the field extension of C generated by
Elements of M n are by definition rational functions in (5.2) with coefficients in C. It can be argued that all topological string free energies F g are completely expressible in terms of elements of M n . The modular expressions of the elements of M n are obtained after inserting the mirror map (τ 1 , τ 2 ) = (
Π 0 ) or using the (q 1 , q 2 ) = (e τ 1 , e τ 2 ) coordinates. In the following we will use the same symbol for an element f (x) of M n when working with different coordinate systems x = (z 1 , z 2 ), (τ 1 , τ 2 ) or (q 1 , q 2 ). Then the main result of [13] can be stated as Theorem 1 Let f (q 1 , q 2 ) ∈ M n and assume that it is of the form
Then for arbitrary n and (a 0 , a 1 , a 2 ) as in Table 3 all f i (e τ 1 )'s are algebraic over the field of meromorphic quasi-modular forms on the upper half plane τ 1 ∈ H for the subgroup of SL(2, Z) listed in the same table.
In the SL(2, Z) case one finds [13] (see also [14, 15] for the threefold case) that for CalabiYau n-folds all f i (q 1 ) are of the form
where P (E 2 , E 4 , E 6 ) denotes polynomials in the Eisenstein series E 2 , E 4 and E 6 . This functional form is a subset of the allowed f i appearing in the above theorem. It would be very interesting to analyze the proof of Theorem 1 and obtain a finer statement which shows why the particular form (5.3) appears. The central idea of the proof is the observation that in the limit z 2 → 0 the Picard-Fuchs system (5.1) reduces to an ideal generated by the operator
One sees here that the Picard-Fuchs operator L is of the same form as the ones for the elliptic curve discussed in Section 2. Therefore, solutions of (5.4) are the well-known Gauss hypergeometric functions F (a 1 , a 2 , 1|z) and their derivatives. Inserting the mirror map
then gives expressions in terms modular forms through the following replacements
We will give an example of this in the case of Calabi-Yau fourfolds in the following. Mirror symmetry of elliptic fourfolds was first studied extensively in the seminal paper [16] where Picard-Fuchs equations and genus 0 Gromov-Witten invariants for a wide class of elliptic Calabi-Yau fourfolds were derived. However, modularity properties for Gromov-Witten generating functions have appeared only recently [13] . The main example of [13] is an elliptic fibration over P 3 which is the resolution of the degree 24 orbifold hypersurface
in weighted projective space. The resolution has the following non-vanishing Hodge numbers [17] h 0,0 = h 4,0 = 1, h 11 = 2, h 31 = 3878, h 22 = 15564. (5.8)
is generated by the two elements J 1 and J 2 which are Poincare dual to the elliptic fiber E and base B respectively in the notation of [16] . The genus 0 Gromov-Witten generating functions in the case of fourfolds depend further on a choice of four-cycle. In our case we have the following basis of H
2,2
V :
In this basis one then has the following solutions for the Gromov-Witten generating functions
Given the importance of the role of mirror symmetry for the elliptic curve in the derivation of the main Theorem 1, one might wonder whether a more thorough investigation of the elliptic curve will reveal further key aspects of mirror symmetry for elliptically fibred CalabiYau manifolds. We shall pursue this path of thought in the coming section by taking a new look at the elliptic curve.
A new look at the elliptic curve
In this section we will outline a new direction by examining categorical mirror symmetry for the elliptic curve as described by Zaslow and Polishchuk in [18] . Categorical or homological mirror symmetry was first conjectured by Kontsevich in the seminal paper [5] . Kontsevich's conjecture relates two mirror manifolds M and M by an equivalence of categories. On the one side, one considers the bounded derived category of coherent sheaves on M , denoted by D b (M ), and on the other side the derived category of a suitable enlargement of Fukaya's A ∞ -category F( M ) of minimal Lagrangian submanifolds on M :
The work [5] had been done without the knowledge of D-branes. But it can be understood most intuitively by using the notion and dualities of D-branes as shown in [19] . On a CalabiYau three-fold in Type IIB string theory, D-branes correspond to minimal Lagrangian submanifolds with flat U (n) gauge bundles. This side corresponds to the Fukaya side. On the other side, the derived category D b (M ) corresponds to even-dimensional D-branes of Type IIA string theory wrapping holomorphic submanifolds of the mirror Calabi-Yau. The conjecture of [19] then relates these two sides beautifully and states that D-branes are in fact responsible for mirror symmetry.
In the following exposition we will not need all the mathematical details of the two categories D b (M ) and D b (F( M )) and will only focus on the most elementary properties in the case where M is an elliptic curve. Given the definitions in Section 2, we have to address the equivalence 3
Let us begin with the right-hand side of the above equivalence, namely the category F. The objects of this category are special Lagrangian submanifolds L i endowed with flat bundles E i with monodromies having eigenvalues of unit modulus. 4 . We hence denote an object U i by a pair
The morphisms are open strings stretching between two branes. Mathematically, they are elements of the space Hom(U i , U j ) defined as
Furthermore, to each open string state we assign an integer denoting the corresponding ghost number, thus making the above space Z-graded. To summarize, for any two objects X and Y inside Ob(F), the morphisms are given by a Z-graded abelian group Hom(X, Y ). The joining of two adjacent strings is described by a composition of maps
k ≥ 1, of degree 2 − k, satisfying the following associativity condition
for all n ≥ 1, where = (r + 1)s + r(n + s−1 j=1 deg(a j )). The A ∞ structure on Fukaya's category is given by summing over holomorphic maps from the disc D 2 , which take the components of the boundary S 1 = ∂D 2 to the special Lagrangian objects. These maps can be thought of as world-sheets of open topological strings ending on the Lagrangian branes. An element u j of Hom(U j , U j+1 ) is represented by a pair
where a j ∈ L j ∩ L j+1 , and t j is a matrix in Hom( E j | a j , E j+1 | a j ). Then we have
is a matrix in Hom( E 1 | a k+1 , E k+1 | a k+1 ). In the above, the summation is over holomorphic maps φ : D 2 → M with the following conditions along the boundary: there are k + 1 points p j = e 2πiα j such that φ(p j ) = a j and φ(e 2πiα ) ∈ L j for α ∈ (α j−1 , α j ). Furthermore, ω is the complexified Kähler form and P represents a path-ordered integration, where β is the connection of the flat bundle along the local system on the boundary. The functions C(u 1 , . . . , u k , a k+1 ) encode open Gromov-Witten invariants of the Calabi-Yau manifold M with respect to the Lagrangian branes L i . This finishes our discussion of the category F( M ). In the case of the elliptic curve, we will restrict the morphisms to be the degree zero pieces of Hom in the above definition and denote the category formed this way by F 0 ( M ). Let us next come to the objects which live in the Fukaya category of the elliptic curve F 0 ( E τ ). These are special Lagrangian submanifolds which in this case are just lines with non-trivial winding around cycles of E τ . To define a closed submanifold in R 2 /(Z ⊕ Z) the slope of the line must be rational, and therefore can be given in terms of a pair of integers (p, q). Furthermore, we need to specify the point of intersection with the line x = 0 (or y = 0 if p = 0). We will be considering here only rank 1 bundles on these Lagrangians, specified by a monodromy around the circle, i.e. a complex phase exp(2πiβ), β ∈ R/Z.
On the derived category side D b (E τ ) these objects are mapped to line bundles on the mirror torus E τ = R 2 /(Z ⊕ τ Z). In the following we will sometimes write E τ as E q where q = e 2πiτ . Recall that a rank r holomorphic vector bundle F q (V, A) on E is defined by taking the quotient
When V = C and A = ϕ a holomorphic function, we call L q (ϕ) the line bundle constructed in this way. We define L ≡ L q (ϕ 0 ), where ϕ 0 (u) = exp(−iπτ − 2πiz) = q −1/2 u −1 . The classical theta function is a section of L. For a torus, the theta function depends on the modular parameter τ , the elliptic parameter z, and (c , c ) ∈ R 2 /Z 2 , a translation parametrizing different line bundles of the same degree:
In case (c , c ) = (0, 0), one simply writes θ(τ, z). The n functions θ[a/n, 0](nτ, nz), a ∈ Z/nZ, are the global sections of L n . Let us now come to the map between the two categories. On the Fukaya side, we consider the Lagrangian branes with slopes
These are mapped on the derived category side to line bundles of degrees 0, 1, 2. We have
Then the morphisms of the category F 0 ( E τ ) are mapped to sections of line bundles as follows
The product of global sections gives us a map
On the side of the Lagrangian branes, the above product formula has to be interpreted in the context of the gluing described by equation (5.17) . Let us see how this comes about. Note that L 1 ∩L 2 = {e 1 }, where we denote by e 1 the origin e 1 ≡ (0, 0). Also, L 2 ∩L 3 = {e 1 }, while L 2 ∩ L 3 = {e 1 , e 2 } with e 2 = (1/2, 0). On the left hand side of (5.23), e 1 represents the theta function θ(τ, z). On the right hand side, the e i represent a distinguished basis of the two-dimensional space of sections of L 2 defined by [18] 
Then (5.17) becomes m 2 (e 1 ⊗ e 1 ) = C(e 1 , e 1 , e 1 ) · e 1 + C(e 1 , e 1 , e 2 ) · e 2 , 25) where one uses the procedure described above to compute the matrix elements C. Thus, C(e 1 , e 1 , e 1 ) is given by summing over all triangles with the origin as vertex. In the universal cover of the torus, these correspond to lattice points as vertices and sides of slope 0, 1, and 2. A similar summation holds for C(e 1 , e 1 , e 2 ), where the third vertex is the point (0, 1/2) up to translation. These summations give
We thus obtain
The product m 2 therefore precisely reproduces the addition formula for theta functions
This formula can be easily generalized to cases where L 3 has non-trivial x-axis interception α and carries a flat line bundle with non-trivial connection 2πiβdt 3 where t 3 is a coordinate along L 3 . In these cases the C functions have to be replaced by θ[α, β](2τ, 0) and θ[1/2 + α, β](2τ, 0). We refer here to [18] for further details. We now want to close the circle of ideas and connect the present discussion to our discussion of mirror symmetry for the elliptic curve in Section 2. The missing link is provided by a nice paper of Zaslow [20] where he uses the above construction to derive the mirror map. Let us see how this comes about. To begin with, we start with the symplectic two-torus E τ and construct Lagrangian branes which are mirror dual to sections of line bundles in the torus E τ . Without knowing the mirror map, one can still say that E τ has a projective embedding as a cubic curve. Since we need three sections of equal degree to realize such an embedding, we learn that the Lagrangian brane L corresponding to the line bundle O(1) has to have winding number three on the torus E τ . This can be achieved by taking the base section S corresponding to the sheaf of holomorphic functions O to be the x-axis in the universal cover R 2 , and take L to be a line of slope three. Thus we have
We then define sections (or morphisms on the Fukaya side)
, and
, where i is taken mod 3, 6, and 9, respectively. On the derived category side, we have that for example the X i correspond to sections of the form
and similar equations hold for Y i and Z i . These definitions can be used to work out concrete realizations of the formula (5.17), as done in [20] . For example, one has the following relation among the X i and Y i coordinates , 0) on the symplectic torus. A similar formula holds for the product of Y i with X j : 32) with B k = θ[k/18, 0](18τ, 0). The final step involves the following observation. If we count all possible monomials which are products of X i at the cubic level, we arrive at ten independent polynomials:
All these products can solely be expressed in therms of the Z i via the relations (5.31) and (5.32). However, there are only nine Z k , thus we expect a new relation between the X k .
Performing the computation one finds [20] 
The modular invariant is then calculated in terms of z = 2q+p 3u 5 :
This is the mirror map as predicted by categorical mirror symmetry. The miracle happens when we expand the right hand side of the above equation. Doing that one obtains the familiar series expansion of the j-invariant which gives back the mirror map of Section 2! The author is not aware of a similar derivation of the mirror map for the case of the K3 surface. Obtaining such a representation for that case would be very desirable.
ADE string chains and mirror symmetry
It is time to shift gears and focus our attention on Calabi-Yau threefolds which admit elliptic fibrations. For such manifolds, we know that Theorem 1 holds and thus the topological string free energy as well as the partition function admit an expansion in terms of modular forms as outlined in the theorem. Let us look more closely at a particular class of examples. This class consists of non-compact threefolds which are elliptic fibrations over a non-compact base B. B is a complex two-dimensional space which is obtained by blowing up an ADE singularity. As such, it has 2-cycles C i which are P 1 's with negative intersection matrix η ij = −C i ·C j being equal to the Cartan matrix of a simply laced gauge group of ADE type. The structure of the elliptic fiber is such that above each C i we let it degenerate according to an I N i Kodaira singularity. To maintain the Calabi-Yau condition the N i have to be proportional to the Dynkin label of the corresponding node in the ADE Dynkin diagram.
Topological string partition functions for such geometries were computed in a series of papers [21] [22] [23] . What one finds is the following structure for the topological string partition function Z top :
where in the above τ is the modulus of the elliptic fiber, t b,i , i = 1, . . . , r (r is the rank of the ADE Lie algebra here) are the moduli of the C i curves in the base, and t f,i are moduli of the degenerate elliptic fiber above node i. Furthermore, one finds that the Z n are meromorphic Jacobi forms in the topological string coupling constant λ of weight 0 and index quadratic in the n i . Expanding the Z n in powers of λ one finds that all coefficients are polynomials in quasi-modular forms in accord with the results of Theorem 1. Next, we want to add the affine node to the ADE quiver giving rise to the affine Lie algebra g. As the base becomes elliptic as well now, the resulting Calabi-Yau threefold, denoted in the following by X N, g admits two elliptic fibrations π 1 and π 2 which project to fiber and base elliptic curves respectively. In fact, as the degree of degeneration of the elliptic fiber for each node i is different (i.e. depends on the Dynkin label d i ), we have the following structure
where by abuse of notation g denotes the total space of an elliptic fibration over the unit disc D such that all fibers are smooth except for the central fiber, where the elliptic curve degenerates to a union of nodal curves of the Kodaira type of g. A d i N −1 then is the special case where the fiber over the center of the unit disc degenerates according to Kodaira type I d i N . The Calabi-Yau manifolds X N, g are important in string theory for F-theory constructions of so called little string theories. In the following we shall denote the modulus of the base elliptic curve by ρ.
In the following, we want to look at the mirror Calabi-Yau manifold of X N, g which was constructed in [24] (see also [25] for an earlier result where g = A r ) and is given by the following equation is then known as the so called mirror curve. The mirror curve contains all the relevant information about the mirror Calabi-Yau manifold and in order to learn more about it, we want to focus in the following on a particular example where the above equation is known very explicitly. The example is given by taking g to be A N −1 . In this case one arrives at [24, 25] where Ω is an element of the Siegel upper half plane Let us attempt to interpret the thus specified equation for the mirror curve in the light of categorical mirror symmetry. First of all, we note that the ∆ i,l can be interpreted in terms the functions m k defined in Section 5.1, namely they are disc instanton gnerating functions for certain configurations of Lagrangian branes. Now what are these Lagrangian branes? The difference between the situation here and the one in the previous section is that now we are effectively dealing with a doubly elliptic surface. Thus Lagrangian lines become Lagrangian planes and morphisms become sections of line bundles on an abelian surface. Such sections are given in terms genus 2 theta functions, hence their appearance. In fact, in direct analogy to Section 5.1 the Θ 2 summands correspond to the Z i appearing in the equation for the mirror elliptic curve. An interesting open question is whether this analogy can be carried further by constructing the analogues of the sections X i in the last section and deriving the full mirror map for the present case. One way to attack this problem would be to restrict the section of the abelian surface given by F open to the elliptic curve E ρ and derive the mirror map for the restricted section. In fact, this was the path taken in [24] for deriving (5.41).
